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PREFACE 

No Student should enter upon the study of analytic geom- 
etry without an elementary knowledge of that part of the 
theory of determinants which treats of elimmation and the so- 
bftioH of simultan£ous equations. This will be the more readily 
conceded when it is shown that such knowledge may be gained 
in fewer than a dozen lessons. Seven introductory lessons in 
theory of inversions and determinants would scarcely suffice 
per se to make a lasting impression upon the student; but 
if the elementary principles thus learned are immediately ap- 
plied to the solution of problems in analytic geometry the 
good gained from such a brief course should be very consider- 
able. In whatever manner the student be introduced to a sub- 
ject, it is, in most cases, only by constant recurrence and many 
varied illustrations that the value of a process is finally realized. 

It is thought by the writer that the treatment of inversions 
as applied to determinants is new in some respects, and atten- 
tion is invited to the numbered theoYGvas and related matter 
which form a chain of reasoning leading up to Laplace's de- 
velopment. 
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INVERSIONS AND DETERMINANTS 

CHAPTER I 
INVERSIONS OF ORDER 

1. If several consecutive symbols of a sequence, as letters 
of the alphabet, or numerals, be written in a line in any order, 
then an inversion of natural order, or simply an inversion, oc- 
curs whenever any symbol follows another which it should 
«i7/«r(7//)' precede. In bac, 5647, 4l2\, JKIMG. 564213. there 
are respectively i, 2, 6, 9, 12 inversions. 

2. In considering any such line of symbols we shall number 
their positions to the right beginning at the left. Then the 
order of position of any symbol in the line is of the ist.2n-d, 3d, 
degree according as it occupies the ist, 2nd, 3d, position; and 
so on. The order of a symbol, and the degree of the order, 
is taken with reference to the natural sequence of the sym- 
bols in the line: it is the same as the order of the position 
it would occupy if the symbols were arranged in natural order 
in the positions of the line. It will be frequently convenient 
to refer to a symbol, or position, as being even or odd. meaning 
that the order of the symbol, or position, is of even or odd 
degree. 

3. Theorem I. In any lin£ 0/ symbols capable oj arrangement 
in natural sequence, if any two symbols be interchanged the number 
of inversions in the line will be increased or decreased by an odd 
number. 

The interchange of any two symbols occupying consecjtive 
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6 INVERSIONS AND DETERMINANTS 

positions obviously causes a loss or gain of a single inversion. 
If there are m symbols intervening between the two to be 
interchanged, then the transfer of each of the two to the posi- 
tion of the other obviously causes a loss or gain of one in- 
version with each intermediate; moreover there is also a loss 
or gain of one inversion between the two symbols interchangL'd. 
Therefore there are 2m-\-i, an odd number, of losses and gains 
together. But the change in the number of inversions is the 
difference between losses and gains, and if the sum of two in- 
tegers be odd their difference is odd. Therefore the change i;i 
'he number of inversions is odd in any case. 

/(. A complex symbol can be formed by uniting into a single 
symbol of two simple parts any two symbols chosen from as 
many different sets of sequences of the kind we have been con- 
sidering. A triply complex symbol may be formed by choosing 
from three sets of sequences; and so on. As illustrations, 

(ii), ■ .b%,An, Q", if, B', are doubly, and.^-.w'^,'^,, triply com- 
plex. We shall confine our remarks to the first kind. 

5. Definition. The order of a complex symbol is the s;im 
of the orders of its simple parts. 

6. Theorem II. //to any number of consecutive letters taken in 
any order, tlie same number of consecutive numerical suffixes be at- 
tached, one suffix to each letter, ^ten upon ^i'riting these complex sym- 
bols in line in any order at pleasure, tlie total number of inversions 
a/nong botlt letters and suffixes will be either always odd or always 

In any one interchange of two symbols the number of in\er- 
sions among either letters or suffixes is changed by an odd 
number (Theorem I); and the sum or difference of two odd 
numbers is an even number. Hence the total number of in- 
versions after one interchange remains either odd or even as 
it was. But by successive interchanges two at a time the sym- 
bols can be brought into any prescribed order one at a timv. 
The truth of the theorem is apparent. 
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INVERSIONS OF ORDER 

Example. Tlie number of inversions in a\biCsdt, dti:sa\bi, 
diCahai, or any other permutation of the group, is respectively 



Scholium. The greatest possible number of i 
such groups is n(K — l), where n is the number of complex 

7. Theorem III. In any line of doubly complex symbols, •a.'hose 
letters and suffixes are the members of corresponding sequences, tlie 
total number of inversions due to tlie presence of any specified com- 
plex symbol, Hx, is even or odd according as the order of tliat sym- 
bol is even or odd. 

If the order of H^ is even, then H and x are both even or 
both odd; consequently there must be present an even number 
of letters and suffixes together which are of lower orders than 
H, X respectively. If H^ is odd, then H, x are one odd the 
other even, and there must be present an odd number of 
letters and suffixes together of lower orders than H, x re- 
spectively. Therefore the number of inversions due to H^ in 
the ^.'.^^ position of the line is even or odd according as //, is 
even or odd, since the only inversions due to H^ in that posi- 
tion are with letters and suffixes of lower orders than H, x re- 
spectively. But the number of inversions due to //, is always 
even or always odd, independent of the arrangement of the 
line, since in any one interchange, and consequently in any 
succession of interchanges, it is impossible for H^ to gain or 
lose an odd number of inversions with any other doubly com- 
plex symbol. The theorem follows. 

Cor. Tlie number of inversions due to the symbol H^ is even or 
sdd according as { — i)' is -^ or — ; r being the order of li,. 

Cor, If there be a line oj simple symbols arranged in any 
order, then the number of inversions in the line due to the pres- 
ence of any specified symbol of the sequence "will be even or odd 
according as the sum of the orders of the specified symbol and 
its position is even or odd. 

For a line of doubly complex symfiols may be written with 
its letters in natural order and its order of suffixes correspond- 
ing to the order of symbols in the given line. Then the order 
of position of any suffix is the same as the order of its literal- 
partner, and the uumlter of inversions in the given line is the 
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INVERSIONS AND DETERMINANTS 

n line. The corollary follows 

8. Definition. The orderof a |[roup,of two or more com- 
plex symbols, is the sum of the orders of the constituents of 
the group. 

9. Theorem IV. T&e number of inversions in any line of 
doubly complex symbols, due to the presence of any specified two or 
more such symbols, is even or odd according as ( — l)' + 'w + (>r — ; 
s being the ordir of tlie specified group atidi its number of inversions. 

Let 5be the sum of the numbers of inversions respectively 
due to each symbol of the specified group considered sepa- 
rately. Then 5 includes each inversion occuring among the 
specified symbols twice, and each inversion between a symbol 
within the group and another without the group b ;t once. 
Therefore 5— ns the number of inversions due to the specified 
group in the line. But S and s are both even or both odd 
(Theorem III and properties of numbers). Therefore the 
number of inversions due to the group is even or odd accord- 
ing as S—i, and consequently as j^i, is even or odd; that is 
according as ( — i)'"', and therefore as ( — i) ' + ', is + or — . 

Cor. Theorem ITT is a special case of Theorem IV, since then 
s, ^:=^r and i ■■= o. 

Examples. 

I. Is the number of 
the presence of nj ^ ds h, eve 
tion represent the groups by- 



76345 2635 

In the latter (j—(') = 30—5=25, and (—1)*' 's - . Hence there 

should be an oiiW number of inversions due to ' ^ : and by 
2635 

actu:.i count there are 17 in L3 A7_Ul^. and 2 in l±i. leav- 
1176345 174 

ini; I ;, an oitii number, due to - -'_* — . 
* 2 6 3 5 
2. !n Ex. 1 s — 1 = 24 for-3 i; and accordingly there are 
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CHAPTER II 
ARRAYS AND DETERMINANTS 



exhibits 4''^i& 



quantities included between the verticals. In general an ex- 
hibit of n* quantities may be formed in square array by ar- 
ranffing them thus in n vertical columns and n horizontal rows. 
Three exhibits in square array of the 9 quantities i, 2, 3,. . .g, 



4 7\ 

5 .8 I 

6 9 



7 8 9 !■ 



1 S 

2 6 

3 4 



11, In any square array we will number the columns in con- 
■secutive order to the right beginning at the left, and the rows 
in consecutive order downward beginning at the top. Thus, 
the third column, or column 3, in the first array above contains 
the quantities — 71, — 16, 4, — 8, while row 2 contains 51, 32, 
— 16,31. Instead of numbering the columns and rows 1,2,3,.. ■- 
it will frequently be convenient to letter them a, b, c,... ; i.e. 
<:oliimn 3 = column c, etc. 

12. With two sequences of n simple symbols each «* differ- 
ent complex symbols can be formed by writing every symbol 
of one sequence n times and affixing in any uniform manner, 
to each one so written, the ?t symbols of the other seqence, 
singly, in succession. In illustration, the 3^=^9 symbols «i,«j,i7a, 
i>\, i-i, bn, ci, c-i, c», are composed of the three letters a, b. c, and 
the three figures i, 2, 3. Again, the nine complex symbols 

i.tu.tiiy." "'" "'"' •">•('* ('3'' <^"'' <22), 

(23), (31)' (32)1 (33). 3rfi formed from i, 2, 3, and i, 2, 3. 
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10 INVERSIONS AND DETERMINANTS 

Hence we may ri'/r«^«/ any w* quantities in square array by 

any one of 

(II) (12) (13).. ..(I») 
(21) (22) (23). ...(2») 
(3l)(32)(33)---.(3«) 



(71 a^ 03.. 


,a„ 




«i bi ex.. 


..Wl 




d, hh.. 


.b. 




rta bi a.. 


..mi 




Ci a C9 .. 


■ -Cn 




a% h T8.. 


..m% 




mi tm ms . 


.m,. 


«, ^» ^» . 


.m„ 



(«0(«2)(«3) -■■■(««) 



13. In the first array just written the order of any letter is 
the same as the order of the row containing it, and the order 
of any suffix is the same as the order of the column containing 
it. In the second array letters correspond to columns and suf- 
fixes to rows. The modes of arrangement in the remaining 
two arrays are apparent. It is evidently immaterial which one 
of these, or other similar forms, is oised, simply for the pur- 
pose oi represe filing a square array, 

14. Definitions, The «* quantities of an array are called 
constituents, or elements, of the array. The order of a constit- 
uent with respect to rows or columns is respectively the same 
as the order of the row or column containing it. The order of 
a constituent with respect to rows a/id columns is the sum of 
the orders of the row and column containing it. A square ar- 
ray of n rows and n columns, and consequently containing //' 
constituents, is said to be of the «th order. Care must be 
taken to distinguish different classes of order. 



;, Hence we may not only represent an array of quanti 
by a similar array of complex symbols, bjt each symbol 
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ARRAYS AND DETERMINANTS it 

may be taken to represent the value and position of the corres- 
ponding quantity of the array represented, by having the orders 
of every pair of associated simple components correspond to 
the two orders of position referred respectively to rows and 
columns as has been explained. 

16. Coordination of products. The product of any « con- 
stituents of a sq-are array of the «th order, so selected that 
one and only one constituent is taken from each row and one 
and only one from each column, we shall refer to as a product 
ef ike array. There are other ways of coordinating products, 
but this is the only One with which we shall be concerned. 

17. The diagonal row of constituents through the top left 
hand corner of the array is called the principal diagonal, and 
the product of the constituents of this diagonal is the principal 
product of the array. 

18. In considering any such product, take the factors in 
order to the right, beginning at the left. Then, corresponding 
to this order of factors, there is an order in which they were 
taken from columns and an order In which from rows. We 
shall speak of such an order as the order of ilioice, or otder e/ 
selection, from columns or rows as the case may be; when such 
choice has been made in the natural order of rows or columns 
we shall refer to it as the 7iaiural order of choice, 

lUustrarion. What is tlie uriier uf choice from rows and coL- 



t is the 


oriier ot choice from r 




a b c 


/i/f 


..fti.„..yi;;f 




',.;/ 



The order of selection from columns is 3241, or CBDA'tihc 
order of choice from rows is 4132, or DACB; the order of 
choice from columns tuui tows is represented by c^d^t, or by 



19- Theorem. In any product of an array, coordinated as in 
Art. 16, the total number of inversions of natural order in the orders 
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12 INVERSIONS AND DETERMINANTS 

of choice from roivs aiid columns is always even or always odd ir- 
respective of the order of factors. 
The general square array may be represented by 



the natural orders of superior and inferior components corres- 
ponding respectively to natural orders of rows and columns. 
Take any product of the array, as ([/9-v....<r, represented by 
i n ■ '^^ then the orders of arrangement of superior and in- 
inferior components, corresponding to the order of factors, is 
the same as the orders of choice from rows and columns re- 
spectively. But (Theorem II) the total number of Inversions 
among the complex symbols in the product is always even or 
always odd irrespective of the order of factors. Therefore, the 
total number of inversions of natural order, in the order of 
choice from rows and columns, is always even or always odd 
irrespective of the order of factors. 

Cor. If ^le sign-factor{ — i)' be attached to any product of 
the kind mentioned, i being tiie total number of inversions of 
natural order in the orders of choice from rows and columns, then 
the sign witli which the product is to be ultimately affected is always 
4-, or always — , irrespective of the order of factors. 

;o. The determinant of a square array of the «th order is 
the algebraic sum of all the possible products of the «* con- 
stituents taken n together, limited by the condition that one 
and only one constituent is taken from each row and one and 
only one from each column; the sign with which any product 
is ultimately affected being +, or — , according as there is an 
even or odd total number of inversions of natural order in the 
orders of choice from rows and columns, 

21. The determinant of a square array is frequently repre- 
sented by A. Hence the definition of a determinant, ex- 
pressed in mathematical symbols, is A = -{ — i)'"((^i^ »(«); 
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13 



where n is the degree of the array and i the total number of 
inversions in the term to which it refers; the summation to ex- 
tend over all the possible terms that can be brought into co- 
ordination by the rule of Art. 16. 



22. The square array 



rti bi... 
at b-i. . . 



will be represented by 



1 a.^K-.-.m^ 

\a\ bi~ , . ,m^\f, i,t being understood that Ov^ ^, «««. are but 

the constituents of the principal diagonal of the array. The 
suffix c denotes that the superior components of the complex 
symbols correspond to columns. In like manner 



h bi..,.K 



will be represented \>y\ayb%....m,\„ 
the same manner that ^does to column: 



referring to rows in 



23. When the terms of a determinant have been written out 
with their proper signs, or when the process of writing them 
out according to any definite rule has been represented, the 
determinant is said to be developed. 
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CHAPTER III 

FORMATION OF A DETERMINANT 

24. In the sequel an array will be frequently spoken of as 
being a determinant, meaning however the determinant of the 
array; just as in algebra x frequently means value of x. In tlic 
same way it will be convenient to refer to rows and coiumns 
of a determinant, meaning rows and columns of an array from 
which the determinant may be de\'e!oped. When no distinc- 
tion is necessary the word line will be used indifferently for 
rozv or column. 

25. There are n! terms of A. Let n,r», r„, represent 

the w rows and cx^^,.. ..c^ the k columns of a determinant, l^, 
of the Hth order. By {n,Ck,) = J. we shall mean the constitu- 
ent at the junction of the //th row and ^th column. Associat- 
ing any r, as /■*, with any r, as o, we shall have, J, a constitLi- 
ent of A- Associating any one of the remaining r'i, as r*, with 
any one of the remaining c's, as a., another constitLicnt, *, is 
represented which is not in the row or column of J. Again. 
associating any r stilt remaining, r,-, with any c still remaining, 
£,, we have J, a constituent not in any row or column already 
chosen. Continuing this process until ail the rows and col- 
umns have been exhausted, we have a set of constituents co- 
ordinated by the rule of Art. 16. The product of these con- 
stituents together with the sign- factor ( — i)', f being the num- 
ber of inversions in^J;' ■ ^ , is, by definition, a term of A: 
it is clear that any permutation of n, ra. . .r„ combined with any 

permutation of ci, £3 c,, one r with one £, will lead to a term 

of A. But there are h! permutations of n symbols taken all 
at a time. Hence there are («!)* ways of writing terms of 
A, and no more. But each term may be written in «! ways. 
Therefore there are («I)*-h«! =«J terms of A, and no more. 

26. It is important to bear in mind that such expressions 
as ^ j ; ■ ■ ^, where the superior components refer to rows and 
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FORMATION OF A DETERMINANT 15 

thy inferior to columns, or vice versa, fully indicate the orders 
of choice from rows and columns and represeiU tbc constituents 
of a product. 

Examples. 
I. Wliat are tlie signs oE tlie terms i b g g. ! ec n.fkvtd. 
(jf the determinant o£ a b c it \ 
■ f S l'\ 



Tlie foil wing sclieme shows tlie method of determining 
signs: 

term: i b q ); Itcn f k «i ,i 

order of ( rows: I \ \ 1 y ^ » S 2341 

selection ( columns: I 1 4 3 t/a ( b 2314 

number inversions: 4 7 5 
sign of the term: -f 
Schoiium. The factors of the terms maybe rearranged in 

natural order as to rows or colunms. Then the process maybe 
as under: 

i h f: Q c e I n d f k m 

3124 C A D B S It y a 

2 3 5 
Of course the same signs result as before. 

2. ts e Pj c a term of [\, in Ex. i? 

2T. Let \a\ b-i m„\. represent the determinant of a 

square array of the nth order (Art. 22) to be developed. Then 
selecting constituents from columns in natural order for every 
term, permuting into new order the order of choice from rows 

for each new term, is represented by writing ab /win 

natural order n\ times and affixing the n suffixes each time in 
a new one of their n! permutations. Thus there will be n\ dif- 
^r^-zi/ terms, which are therefore all the terms of A, and the 
sign of any term will be the sign of { — i)', /being the number 
of inversions among the suffixes of that term; th-jre being no 
inversions among letters. The algebraic sum of these terms is 
A. This is merely a systematic method of doing what was 
outlined in Art. 25. 

If we select from rows in natural order, permuting the 
order of choice from columns, we shall evidently arrive at the 
same result, but the sign is determined by the number of in- 
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i6 INVERSIONS AND DETERMINANTS 

versions among the letters, there being no inversions amongf 
suffi,xcs. 

28. Let the determinant be represented by I ui^ «„ |,. 

Then the scheme of development with respect to natural order 
of rows wilt be identically the same, wi^ regardto symbolic con- 
stitucnts,3.5 it was in the development of \aibt..,, wi,|(With 
respect to natural order of colu?fms\ but only the symbols of 
the principal diagonal represent the same constituents of the 
determinant in the two cases. Either scheme, however, must 
lead to the development of the determinant represented since 
both accord with the definition of a determinant. 
Examples. 

Develop j — 3 9 . Represent it by \a\b% cs |c. 
1-7 1 -B I 
Then letters correspond to columns and suffixes to rows. 
Hence selecting from culumns in natural order and permuting 
the orders of choice from rows is indicated by writing aibtcs, 
a^bsici. ai6\Ci, Oi^i, asb\Ci, 119^1; the lellers being written in 
natural order and the suffixes permuted in all possible orders, 
each permutation corresponding to a term of A. Counting the 
inversions among suffixes in each term, attaching correspond- 
ing irigns and substituting the values of the constituents, we 
obtain the 3! terms of A; thus 

2(-i)*Ca,*^) = +(2)(-3)C~8)-(2)(i)<9)-(5)( -eX-S) 
+ (5Xi)(4)+(-7)<-6)(9)-(-7)C-3)(4) 
= 48—18—240+30+378—84 
= 104 

Scholium. To follow the symbolic definition (Art. ai| to [lie 
latter we should write 

d = (-i)'' C'Ti^ii) + (-i)M'iiA»«t + (-i|'('«*ic»)+ {-i|» 
(ai^,j-[) +(— I)'(<W*iCi) + (— i)'(as*ici|; but this is unneces- 
sary as the number of inwersions ia any term is +, or — , ac- 
cording as tlie number of inversions in that term \s even or odd. 

2. Re;iresent A i.i Ex. i. by j a\bn:i \r and develop. Com- 
pare results. Compare Art. 28. 

3. Let tlie order of choice from columns in Ex. 1. be ^ fa 
tor every term. Compare results. 

jng both letters 
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CHAPTER IV 

PROPERTIES OF DETERMINANTS 

29. Theorem. A determitiani is unaltered by changing its rows 
into corresponding columns atui its columns into corresponding rows. 

Represent A by ) ai, bt, m^ \^ (Art. 27). Change columns 

to corresponding rows in the manner of the theorem and repre- 
sent the resulting determinant by Ai. Then Ai = |<7i,^, m„\,. 

But <Art. 28) I auh w, (. = | ^1, *j m^\,. Therefore 

A =Al. . O.E.D. 



30. Theorem. A determinant is unaltered in absolute value, 
but changed in sign, by the interchange of any two rotvs or any two 
columns. 

Let Ai=| (iiAi..A,..i(, .w, Jj be the determinant whose col- 
umns corresponding to h, k, are to be tnterchanged. Then 
A3 = I «j^..ii-.A,..»i„ |; is the resulting determinant. De- 
veloping both with respect to natural order 0/ columns, any term 
of Ai, as {—iya^b^..hp..k^,.m„ will appear in Aa as (—1)' 
Oo^BJ- ■^j--^(F. -'"bi where the order of suffixes is the same ex- 
cept that p and q are interchanged. Therefore (Theorem I.) 
the signs of the two terms are different. But this reasoning 
applies to any term of Ai. Therefore for every term of Ai 
there is another in Aa of equal absolute value but of contrary 
sigh. Therefore Ai = - — Aa. 

Let the student give the proof for the case in which two 
rows are interchanged. 

31. Theorem. The determinant of a square array, in which 
two rows or two columns are identical, is equal to sero. 

Any interchange in the manner of the theorem should 
change the sign of A. But the value o£ A is evidently iden- 
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ticaliy the same in the two cases. Thus A is unaltered in value 
by changing its sign. Therefore A = o. 

32. Theorem. If all the constituents of one line be multiplied 
by the same fact&r, the determinant itself 'tvill be multiplied by that 
factor. 

Let |(/i Ai- - .-'w,|t --- A. Multiply any line as the X'th row, 
or/th column, by m. Then all the constituents of the form 
Xi, or all of the form p^, become wf-v^ or m.p^ respectively. 
Hut every term of A contains one and only one constituent of 
each of the forms mentioned. Therefore every term of A, and 
consequently A itself, is multiplied by m in either case. 

Cor. From the above and Art. 31 it is concluded that if two 
roti-'s or tvo columns differ only by a constant factor the determinant 
imist %'anish. 

33. The following examples are solved by applying one or 
more of the foregoing theorems, as will be evident upon ex- 
amination of the reductions: 



The last step is lu subtract three times the first culumn from 
the third. Buth steps might have been done in one reduction. 



The last determinant 
1' rni not vanisliing. 



2 s 8 Und 4 5 & 
I 3 6 I I 7 8 Q '. 

I ' + ? I I 1 
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PROPERTIES OF DETERMINANTS 

1 7 «* u r 

12 9 24 =o, because ihe third column is Iwiciiihe first. 
I 8 7 i6 I 

2- -2 IE 4 6 0=0; since in tlie last deter- 
1—2. 8 i| 1-2-3 ij 
It tlie 2nd row is twice the first. 



The fir. t reduction is made hy dividing the 
and niuhiplying the 2nd by 3. 
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CHAPTER V 
MINOR DETERMINANTS 

34. When any number of rows and the same number of col- 
umns of a square array are deleted, the remaining square array 
is called a minor determinant. The square array of constituents 
which lie at the junctions of deleted rows and columns is also 
a minor. The two minors thus formed are called complement- 
ary minors. A_/frrf minor is formed by striking out one row 
and one column; a second minor by striking out two rows and 
two columns; and so on. The first minor formed by suppress- 
ing the row and column through any particular constituent, as 
X, is called the minor of that constituent and is represented by 
/^^. A constituent and its first minor are complementary 
minors. 

] , i I I . , , j i:-! -^i i-i I 

r' , '■' '"M \ y^\ are first minors oi\a;h c^ , 

\ ai bi \, \ G^ Ci , b% cz \ I 

and are respectively i^ct, /\h, Aa,. 

35. It fojlows from the definition of a minor that the 
natural order of its rows and columns is also natural order with 
respect to rows and columns of the original determinant. 
Therefore, the number of inversions in any term of the minor refer- 
red to natural order of rows and columns oftlie minor, is tJie same 
as Hie number of inversions referred to rows and columm of the 

■I determinant. 



36. Theorem V. The sum of all ^ terms of A which contain 
a given constituent, k,is ( — i)' kAk, where r is t/te order of k re- 
ferred to rows and columns of Cs.. 

Since no terra of A which contains i, can contain any other 
constituent from the row or column through k, it follows that 
every term of A which contains k must be the product of 
( — iy k (Theorem III and Art, 35) and some term of A*; con- 
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versely, the product of {^lY k and any term, 7),, of A* is ob- 
viously a term of A. Therefore the sum of all the ttrms of A 
which contain k is i" {—lykT^ ^ ( — iy k-Ty^^ ( — \)'kl\k- 

Cor. A determinant of the nth order may be written in the form 
- ky Ky, where ki, k^,.. . , k^, are all the constituents tn any line o' 
AandKy = {-iyAk,. 

For ( — i)' kj Aky is the sum of ali the terms of A containing 
A/, hence -( — r)'-^j,Ai^is the sum of iz/Zthe terms which contain 
an element from the % line of A. But every term of A must, 
by definition, contain one element from the k line; therefore 
there are no terms of A besides those written. 

37. The factors Ki, Ki K„, are the cofactors of 

Mi,^,... .^a respectively; they are the minors A^i,A^,.. . -A^.„, 
with positive or negative sign according as the orders of the. 
complementary minors ^1, ^,.. . .^„, with respect to rows and 
columns of A, are even or odd. When a determinant is ex- 
pressed in the form S,kyKy it is said to be developed with refer- 
ence to the line containing the elements k. 

Scbolium. It follows that (— i)i^d* is the cofactorof :4, if tr is 
the sum of the orders of the constituetits of any term of A* with 
reference to rows and columns of A. 

Scholium. The cofactor of a constituent, ax, will be repre- 
sented by the capital letter corresponding, as Ax. 

Exercises. 

24—1 14 3! 
17-4 9 12 
-3 71 13 21 *'"'* 

6-3 3 6 I 
contain 13; also of those which contain 9. 

By the preceding theorem and Cor., Art 32, we obtain, after 

In — I fS3 I I 24 —1 3 I 

expanding the last, 13 17 — 4 12 = o and — 9 — 3 ^\ 3i 

I 6 -1 6 I. I 6 -2 6 ! 

= 15876. 

I a \ * I 
2. Develop fl >i ^ with respect to the 2nd column. 
I ^ * " I 
Ans. d^-xj * i. ' i-^' \ .' " -P' ! 1 , 
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'1 Ci + ciCi + rs Ct + ft Ct 



= ci\ at it ^s \ ^ • 

+ ct\ at dt dt —i 
4- What is the cotactor of 9, Ex. I? 



1* ^ •/■ 
\at6^^\ 



4—3 9—6 

5 8 4 2I 

38. Theorem VI. The sum of ail the terms 0/ A suck titat 
each term of the sum contains ofu term of any given minor, Ai, is 
(— i)'£\i At; Ai being the complementary minor and s tlie stun oj 
the orders iftlie constituents ofatiy term of tw witk reference to rows 
and columtis of Cs.. 

Since no term of A which contains a given term ( — i)'X 
(/(^.. . .^), of Ai, can contain any other constituent from any 
row or column containing h,k,....q, it follows that every term 

of A which contains (M q) must be the product of 

( — I) ' + *(//i,. , .^) and some term of A? (Theorem IV. Art. 

35. Art. 20.); conversely, the product of ( — \)' + '{kk q) 

and any term 7" of Aa is obviously a term of A. Hence the 
sum of all the terms of A which contain {hk....q) is 
{—i)' + *(hk....q)/S3- But this reasoning applies to every 
term of Ai; s -\-i corresponding. Therefore the sum of all the 
terms of A which satisfy the conditions of the theorem i.i 
v{-i)<+-(M....?)A. = (-i)'A,I(-0'(A*....?) 
=(-!)■ A, Al; 
since s is the same for all terms of Ai, 

. Scholium. Since tJie orders of any twu complementary 
minors are necessarily both even 01 both odd, s may refer to 
either Ai or As indifferently. The generality of the theorem 
also includes tliis. 
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Cor. A determinant. A, o/t/ie nili order, may be written in the 
form -{—lyXmZ,; where any term of the sum consists 0/ tite 
product of tlie sign-factor ( — i )', a minor, as X„, selected from a 
given fn rows {co/umns) of l\, atidtiie complementary minor Z„ nec- 
essarily from the remaining r rows {columns); s icing the order of 
tlie principal diagofial of eitlier X„ or Z, as explained above, and no 
tivo minors of the form X„ being selected from tlie same combination 
^fcobtmtts {rows) . 

For, every term of the ^ terms of ~{ — i)'X„Z, obviously 
contains m\r\ terms of A, no two of which are alike 
(Theorem VI), Further; no two terms of -, as {—iyX,„Zr 
and ( - i)'' X„' Z/ , can contain a term common to both, since 
^„ and X„' must differ in respect to the constituents of one 
line at least, and one constituent from that line must appear 
in every term of ( — iyX„Zr and {—iy'X„'Z,'. Therefore 



;■(— l)'X^, is the sum of m\ r\^ ---- n„^r\ 


= h! terms of A. no 


two of which are alike. But this is all the terms of A. The 


corollary follows. 




ai h c, d, ei 






aib%C%dt€i 




3Q. Problem. Develop 


ashcidt rt 
at 6t ct dt ei 
a, b, ft rf, e. 


in the form 


ti-lYya^by^icud^e^y^ia^t 


y) being a mino 


r from the first two 



columns. 

Solution. Selecting tlie ten minors formed by the associa- 
tion of the first two columns with each of the 5-4-^-2! combi- 
nations of tlie five rows two at a time, we obtain (iii bi), (i7i bn), 
(ui^i), (fli^s), (at*s), (oiit), (naW. (ns*0. C-^fc). («i^s);where 
(di bi)'^\ai bi\c, etc., tlie suftix c being dropped since it is under- 
stood that letters correspond to columns. Hence, enumerating 
orders, attaching sign (actors, multiplying by complementary 
minora and summing, there results i = (— li* (niftt) (csrfift) 
+ ( - 0' («i*8) i.CKiin) + {—if (ai*,) (Cidse^) + (— i )» iaM (c^se,) 
+ (— i)«(Ws) {cid^) + <-i)» (^4) (fifl'3«)4-(— M'Mis*!) (orfW 
+ (—l)^{asbi) {cid^s) + (— I )" (as*.) (cd^t) 
+ {-i)"(ai*.)(^i«Ws); 

the mode of development clearly being to write the 10 combina 
tions of the five suffixes, taken two together, in natural order in 
the places of x.y, in (axb/), for the ten minors from the first 
two columns of A. 

tm^nU-i) t„-xl . . . .(M-m + I) it llie meaaiDE ol I be notation employed. B 
lions oi the theorem we have ■=■> + r. 
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s-/. 



L the form ( — ')' {-^ivt) [ui-vn); 



40. Develop ^^„j 
at i^ ct lit 
(x^a) being a minor from the and and 4th rows. We must have 
4 = (-i)» latAi) (_c,<f,) + (-1)1° (,aiC4) (*,ai) + (-i)i' (airf,) (*,«) 



Scholium, To find the order of xtyi simply add 6 t' 
sum of the orders of the letters in every case. 



the 



41. The development of a determinant of the third order by 
the method of Art. 37, and the development of a determinant 
of tlie fourth order by Arts. 38, 39 and 40, should be tlioroughly 
learned hy the student. It is not necessary to introduce the 
sign-factor as the proper signs may be attached directly. 



.y Google 



CHAPTER VI 

SIMULTANEOUS EQUATIONS 

42, Theorem. If the ekments of one column of a determinant 
be multiplied in order by tJte cofactors of tlie corresponding elemejits 
ofanyotfter column, tlun the mm of the products will be zero. 

Take a determinant of the 4th order, 



m^ 


«, n 


Ji 




ma 


m n 


J2 




ma 


«3 rs 


Si 




ttli 


n, r. 


S4 





muitiply the elements of the second row by the cofactors of 
the fourth and take the sum; 

thus: X^mtAfi+mNi+nRi+stSi. 
But A=m4Mi+ntMi+riIii+SiSi. 

Whence JC may be found by changing m* to ttit, m to rai, and so 
on, in A. It follows that X = o. 

The reasoning applies to columns as well as to rows and ti) 
any determinant. 

43. Theorem, If each element of a column of a determinant is 
the sum oftivo quantities, the determinaid can be expressed as the sum 
oftivo dctermiiianis oftite same order. 

rti ^i+|Si ci . 
Thus; j aih-hci = (^+,?i)Si+(<Js+,Sj) -«» + (^+,i8) ^» 



at h-'nh c 



\ ai b\_ ci ■ a\ ,' 

— tfj ^ Cl I + (72 / 

\ Oi Oi Ci ■- \ a^ I 
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44. Theorem. A determinant is unaltered in value by adding 
lo all tlie elements of any row the same multiples of the correspond- 
ing elements ofano^ter row. 

\ a\ a-t a^X a\-\-m^-\-nat at a» 

Thus: ^1 ^ ^ ^ (^i+/«^+«i5s bi ^ ; for the second 
I o Tj fg I I o -^mci -J-»cb o ft I 

iiii <^ ^ I ma% Oa Ofi I not ai at 1 

f>i bi ^ I + w*^ ^ ft + nbi bi be ; and the 
ci £t ct\ I mci ei £i\ { na a a ! 
last two determinants vanish. 

45. Let it be required to solve the three simultaneous equa- 
tions 

ai x-{-biy-\-ci z ^ ffd, 
«3 x+biy+ci z — mt, 
a»x-\-biy+£iS — ot». 

First. To find x. Multiply the first equation through by 
Ai, the second hy A^, the third by At and add. The coeffi- 
cients of x,y,s in the resulting equation are respectively 

ai A\-\-at Ai-i- atAa=£\, 
bi.Ai+biA2^-btAt= o, 

ci A]+ ei A-1+ CB As = 0; 

I (7l 1^1 ^i I 
where A is the determinant a-j bi et formed of ttie array ol 
I a» bi c% [, 

coefficients taken as they appear in the equations, ThereforR 
/:\x'=-m.\A\-\-?niA-i-\-miAi "=■ (mibiCa) and x=^{mibie>,)-^A. 

Then multiplying through by £i,Bt,Be, instead of Ai, A3, As, 
the value oiy is found to be (aimtea) -v- A. Finally, the value 
of z is found in similar manner to be (mbims)^A. 
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SIMULTANEOUS EQUATIONS 
Examples. 



Find tlie valiii-sof 7£/,^.j',j, in 




C) ^r+i-t x-\-/:iji-\-ct e — c 






A 



3 ^+ j+5 ^ 



Solution. 



6 
3 

3 



o 3 

2 3 

3 1 



IL- 



—6 



3 



Scholium. Remembering the tlieorems the red uc lions are 
very a[)parent, excepting possibly tlie secucid reduction for 
the denominatorofjl', where the determinant is found from the 
preceding denominator by adding the znd row to the 3d and 
subtracting twice tlie 1st from the sum; then the ist from the 
2nd, the first row remaining unchanged. 



Scholium. Tliis method of solving 
should be employed througiiout analytic gci 
become familiar with the process. 



Itani 



.y Google 



INVERSIONS AND DETERMINANTS 



46. Homogeneous Equations. In the case of («— 1) homo- 
geneous equations containing n unknowns we cannot deter- 
mine the unknowns, but their ratios may be expressed in (he 
manner of the following: 

Let a\ x-\-b\y-\-c\ s =0, 

a-ix-\-biy-\-02S —0, 
be two homogeneous equations in three unknowns. Add be- 
low another equation of the same general form, 

at x-\-bt y-\-£i 2 = x, 

*7g, bi, Ci, X, being undetermined, and represent the array of co- 
efficients by A. 



61 CI 






b, n 






\ bi ct 




, » a 


A 


^"A 



■•A« Bi ~ a' 

The. method is easily extended to any number of equations. 

, Example. 

4W - x+i2y-2z = o, 

6w—7x—ioy+ 3 = 0. 

.'. A^ = _ 376. .ffi = — 752. Ci = 188, A = 752. 



.y Google 



CHAPTER VII 

ELIMINANTS AND DISCRIMINANTS 

47, Elimination. To eliminate the two quantities x, y, from 
the three equations 

oi x-^-bi y-^ci =0, (1) 

ai x-\-biy+Ci = o, (2) 

m x+hy+ct = o, (3) 

Multiply (i), (2), (3), in order by Ci, Ct, Cb, and add The 

sum is aCi+csCi+ctCt^^ 

This expresses the condition that the three equations are 
simultaneous in x, y; that is consistent, or capable of being satis- 
lied by the same set of values oix.y. 

Similarly the four equations 

«i x+b\y-\-ci z+di = o, 
f^ x-\-b2y-\-Ci s-\-di "=■ o, 
«B x-\-biy-^ct z-\-di = 0, 
a, x+dty+ct s-^d* = o, 
between the three quantities x,y, z, are consistent if 



a\ 


h 


C\ 


m 


h 


Ci 


at 


h 


ft 



<7l 


h 


C\ 


di 


rts 


di 


Ci 


di 


Cb 


h 


Ci 


di 


174 


b< 


Ct 


<U. 



In general n — i quantities involved in a system of « sim- 
ultaneous equations may be eliminated by arranging the terms 
of each equation in corresponding order in one member and 
equating to zero the determinant of the array so formed by 
the coefBcients. This determinant may be called the eliminant 
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or resultant of the system; the reader is referred, however, to 
the higher theory of equations for the precise definition of the 
resultant.*^ 

Examples. 

Kliminate i and y from the tliree equations 
m x-\-b\ H-O H-""! = o, 
A ;r+*» j'+'"s i+'/t = o, 

I'll bi c\g-\-di I 
m hi ciz-\-di = o. 

48. Sylvester's method of eliminating x from any two 
rational, integral equations in xis illustrated by the following 
examples: 

I. Eliminate x from the equations 

ax^bx+c = O and <ix^-px+y = O. 
We derive ax'-i-6x*-{-cx =a, 

^x^bx+f=o. 
aj^+P.t^+yx . =0, 

D many unknown quanli- 



an equation free of .t. 

2. ax=+ij^+<:x+,i = o and Px^+gx-{-r --^ e. 

a b c d «\ 
o a b c d\ 

cPqro\ 
oopq r\ 

Scbolium. It should be observed that the two given equa^ 
tions cannot be simultaneous unless the coefficients are such as 
to cause the eliminant to vanish. 

' See Bumside and Pantoii on Theory of Equaiigns, Vol. 11, p. 69, 
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49. Discriminants. It is shown in the theory of equations 
that if/(-t) have equal roots/" (^) must have at least one roc.t 
in common with /(x). It is also shown that/'(-i) and/'(.i) 
cannot vanish together unless /(.*) have equal roots. There- 
fore the necessary and sufficient condition that f{x) have equal 
roots is that the resultant of the equations /(jt) ==o,/'(x) =0, 
vanish. When a resultant is formed in thiswaywith reference 
to a function, /(jr), and its derivato,/'(4:), it is called the dis- 
criimiuint* of the equation _/(x) ^o. Hence the necessary and 
sufficient condition thaXf(x) have equal roots is that its dis- 
criminant vanish. 

Examples. 

I. Form tlie discriminant of ^ — 2 a x-\-a^ = o. 

2A:e) = 2.H— 4 a x+2 a*, j:/ ■{x) = 2 x*-2 a x; 
.: 2Axt-xf (jr) = - 2 « x+i a', f (x) = ix- 2 a; 

the eliminaiit of which is the discriminant, 



infer that Ax) has tiiua 



3. Form the discriminant of x*-\-x^ — ; x-\--^ 



and tlie disc rim in 
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INVERSIONS AND DETERMINANTS 

Scholium. A method fur finding tlie equal roots of^j-) is 
to equate the H. C. F. ofyt^) and/'(j-) toieroand »ulve for the 



I ^ 2ai at 6 1 

ai 2at at o I 
I o a\^ai at j- 

50. We should not confine oursflves to any one method of 
development but learn to make use of several; thus Ex. 2, p. 23, 
solves about as easily by Art. 41 as by the theorems made use 
of. Sometimes, however, one method possesses advantages 
over another and should be employed. 
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■[pJirBH fl^lO T 'fa 'NOLIOK ONV aaiivH- 
1 .n eBjOBO jt<l psndiuoo -asQ ONV NOIl 

OBXi iaaiaKOavaaioaanvaHX— ■ 



] -3 3 'P4BPI11B0 wi"r j*jj ita ■s«oiivaN£itM- 

I ■.« BSjoao^ -KOIXVllLLHaA dO eOIfJVH03K— ■ 
j -aO'paBjqapiiH'jW^ 

■saiiaraa xoisnadSjia aoi ONix¥W-aaavo--ES -i 
•onf 'aujjB,^ -a saioso 
' £a ■AHj.snoo aKv kmox ki sssnoH 
■osmaMO JO Nomasoa AavxiNvs ani,— -is ■> 

; -jiBji -jojj i(t -siaaeaA Koai ao issuas 

! -OYK aHi asv KsiiaxBviK iviaisaasax— ■(« ■' 

Hansjj sqi mojj paiBpawj. saCMOariil MVaXS— K! < 

■«sn'it')s-M"*qiV'£a uoiiipB pnooss 
I ■sajoa auiM as aaMOd ao NOissutsHvax— 'bb '' 

; Koisoaaoo asT NOixvxsnaosi aaiioa " 



^a 'saoaiaa s; 



dO 



, saiiaajoad anx so asij-vaax'ivoij^ovaj- 
ana 

jam piaya "- 



■SABjqg H 9 ^1 oanjajj oillm 'qSjnqiiaainTiis 

; a(»pnl jojd jonBimso^qiiuftij BiDBUiuadia 

pns Biinsaji jo usiqBl Bno[JB4 qiiM SMIYHIW 

, <i3j,v3jaH aaasa siviais ao anonvj anx- 

I 'jinsBK3n a aqof^a ■sreva AasoarM hoih- 

pjsipia jta 'aofiipa pnoMs ■eaA'ivA Aj.aavs- 
I -a'o 'jsisBitare 

■a moe ^a -saaxti^) landnx anv aoaiaa- 



IB OM 



saiaas 30x3103 anv^jxsofi rva 3hi 



3HX j 



29 




'if. 



^s. 



■' ^S-6H(^ 



:„COOglC 



.,„ .A's^a euiawMo;! 

BXU& 'eaiOM "HO iSomOKOOa avoa^lVH— "OT '< 

-SJiraVT'oaopuB's-e-J ■■HW 'Je[j]B^ 
■-ft ^a ■B3SIK-1?03 dO NOH.^'lIJJiaA 3111.— 'SB '< 
■|[B«OH ■« uqof -Cq 'BdmB7 msa 
loospwa uiniQjiBK aq) puo -piau 

^ „ --|>H«18 JuBMBpuTOal JO no(iBJ9do 

ptra nSisda em pappo s] i|3m« oi 'J^^JpB^ H -q 
._ g UOHP3 9^^J0 uoiidijoaja l^lWiud 

oiaxoaaa j,NaosaaHVO(Ji— 'is " 

_ _ . . -S 'J9!l»a niunifoaa ^a ■aHOAl 

-Hxava.aoaanssaaJ■Ivaaxv^^vnJ-^YaHl— M 

■■nojBA ap V -tg 

o ONT aaiUiVN uraiix ; easvo aaMss— ■«; 



-f -o j( 



MOH QNV aaVM MOH ISIIOO K01Ji)flaNI— "65 
■XpjBH 'JOJJ ^a puB^iv 'K JO nonMJ 
uiOJJ p»iB|Snwx ■SaiI,llKVQ& AHVSIBVKI— 'SS 
■UHiON iwinom ^a 

■fvia 'NOiJiinaiSNOO en ^adoosaiaj. am— is 

■Piagjoo H 'M 

■jojd ia ■RLNaKaONvaar anY soLionaxs 
■Noo aavojNVB aianx •sasnoH-o[jmaAia--os 

■an J -31 wo BBmoi|x;^a 
auni apj- ^ anos v aoNOixow am. no-st 

•a*o '111=0 >n«mrj4 -fa 
saHoav aaavae asy anos dO AaoaHi— ot 

■eooa 9P 

'0 a T -fa saNn aaxvinoiiay ao aasn 
ONV swaod JjJaaajJia aHX ■ saovjtsn— it '< 

■uoioea JOJd .(ri pBsiias inoa *I "K 
JO qouajj 0111 nioj£ -SaKIHOYH 0NISVW-aai-'9I' t 
■(iwaoiauio jo inaj9« 

■im ■■fppa x 'H 'jojj ^a 'eoiHVNAaowaattL— " 

• pSEiASa nonipa pnossg aaaiioo owmnioa 

•98piJii«ojx'd ■Aijojd-ta tnaaHM asiaanx— ■ 

■iHMSi]Un SQI^dOH SQI[Of JO -SlflJO 

<na, 'JQ ■(a 'NoixoM xaj-HOA anv aAVM— ' 
■niBo mBiiii^ 'jojj xa ■saBoa 
asT 'aLa3A7flo ■siasHni saaaiaa 
anoxs ox aanidv sanoav aiossnoA— * 

1UB3 lUBlliTil^ 



saiass aomaiOB ,afifa£SOS hva shi 
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